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Abstract
Let M = (E,F) be a rank-n matroid on a set E and B one of its bases. A closed set  ⊆ E is saturated with respect to B, or
B-saturated, when | ∩ B| = r(), where r() is the rank of .
The collection of subsets I of E such that |I ∩|r(), for every closed B-saturated set , turns out to be the family of independent
sets of a new matroid on E, called base-matroid and denoted by MB . In this paper we prove some properties of MB , in particular
that it satisﬁes the base-axiom of a matroid.
Moreover, we determine a characterization of the matroids M which are isomorphic to MB for every base B of M.
Finally, we prove that the poset of the closed B-saturated sets ordered by inclusion is isomorphic to the Boolean lattice Bn.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Let M = (E,F) be a matroid on a set E, havingF as its family of independent sets. The terminology from matroid
theory which we use may be obtained from [5].
Recall that a base of M is an independent set of maximum cardinality and that all the bases have the same cardinality.
The rank of a set S ⊆ E is the cardinality of the largest independent set contained in S. Given a set S ⊆ E let us
denote by cl(S) the closure of S, i.e. the set obtained by adding to S all elements e ∈ E such that
r(S ∪ e) = r(S).
A set  ⊆ E is closed if = cl(), i.e.
r( ∪ e) = r() + 1
for all e ∈ E\. In the following we denote by  the set of all closed sets of M.
Recall also that the family of independent sets may be deﬁned as
F= {S ⊆ E : |S ∩ |r(),∀ ∈ }.
1 Work partially supported by MIUR (Ministero dell’Istruzione, dell’Universitá e della Ricerca).
E-mail addresses: mafﬁoli@elet.polimi.it (F. Mafﬁoli), norzag@mate.polimi.it (N. Zagaglia Salvi).
0166-218X/$ - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.dam.2005.05.038
1402 F. Mafﬁoli, N. Zagaglia Salvi / Discrete Applied Mathematics 154 (2006) 1401–1407
In [2] the notion of a set saturated with respect to a base has been introduced.
Deﬁnition 1. A set  ⊆ E is called saturated with respect to a base B of M, or B-saturated, if
| ∩ B| = r().
Thus, any B-saturated closed set  satisﬁes the relation
cl( ∩ B) = ;
in other words  coincides with the closure of its intersection with B. We simply call  saturated when it is clear from
the context which base is considered. Moreover, if  ∈ , we have a saturated closed set. The set of all the closed sets
of M, saturated with respect to a base B, is denoted by B .
A circuit is a minimal dependent set, i.e. a set S /∈F such that for each i ∈ S, S\{i} ∈ F. Given a base B and an
element i ∈ E\B, the fundamental circuit of i is the minimal subset of B ∪ i which is not inF. Calling (i) the unique
minimal subset of B such that (i) ∪ i /∈F, then (i) ∪ i is a fundamental circuit. Let
FB = {S ⊆ E : |S ∩ |r(),∀ ∈ B}
and
MB = (E,FB).
Using a theorem of Edmonds and Fulkerson [3], in [2] it is proved that MB = (E,FB) is a matroid , in particular, a
transversal matroid.
An application of base-matroids is in the ﬁeld of inverse combinatorial optimization problems; indeed various inverse
problems have been addressed in the recent literature [1,2].
The following theorem, known as the base-axiom [5], characterizes a matroid in terms of bases:
Theorem 1. A non-empty collectionB of subsets of E is the set of bases of a matroid on E if and only if it satisﬁes the
following condition:
If B1, B2 ∈ B and x ∈ B1\B2, then ∃y ∈ B2\B1 such that (B1 ∪ y)\x ∈ B.
The aim of this paper is determining some properties of the base-matroidMB ; in particular, we prove that a particular
collection of elements ofFB satisﬁes the base-axiom of a matroid, thus proving, via an approach different from that
of [2], that MB is a matroid. We then determine a characterization of the matroids M which are isomorphic to MB for
every base B proving that this happens if and only if M is either uniform or a direct sum of uniform matroids. Finally,
we study the poset of the closed B-saturated sets ordered by inclusion and we prove that it is a lattice isomorphic to the
Boolean lattice Bn.
2. Base-axiom
Let M be a matroid over a set E and B one of its bases.
Lemma 1. Let A ∈FB , b ∈ E\A,  a closed B-saturated set such that |(A ∪ b) ∩ |>r().
Then b ∈ ,
|A ∩ | = r()
and
|(A ∪ b) ∩ | = r() + 1.
Proof. The relation
(A ∪ b) ∩ = (A ∩ ) ∪ (b ∩ )
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implies that |(A ∪ b) ∩ | coincides, by the assumptions on A and b, with
|A ∩ | + |b ∩ |r() + 1.
On the other hand, |(A ∪ b) ∩ |>r(). Thus,
|(A ∪ b) ∩ | = r() + 1;
however, because |A ∩ |r() and |b ∩ |1, it follows
|b ∩ | = 1
and
|A ∩ | = r(). 
Proposition 1. Let A ∈FB , {b1, b2, . . . , bs} ⊆ E\A,  a closed B-saturated set, and |(A∪ bi)∩ |>r(), 1 is.
Then
|(A ∪ {b1, b2, . . . , bs}) ∩ | = r() + s.
Proof. By Lemma 1, |A ∩ | = r() and bi ∈ , 1 is. The assumption {b1, b2, . . . , bs} ⊆ E\A yields
|(A ∪ {b1, b2, . . . , bs}) ∩ | = |A ∩ | + |{b1, b2, . . . , bs} ∩ | = r() + s. 
LetH denote the set of elements ofFB having maximal cardinality.
Theorem 2. H satisﬁes the property:
if U,V ∈H and x ∈ U\V , then ∃y ∈ V \U such that (U ∪ y)\x ∈H.
Proof. By the deﬁnition never element of H is proper subset of another element of the same collection. Thus if
U,V ∈ H, then U\V and V \U are not empty. Let x ∈ U\V ; our aim is to prove there exists at least one element
y ∈ V \U such that (U\x) ∪ y ∈H.
Denote V \U = {b1, b2, . . . , bs} and assume that (U\x) ∪ bj /∈H , 1js. This condition implies that (U\x) ∪
bj /∈FB .
Then, denoted A = U\x, there exists a closed set j , saturated with respect to B, such that
|(A ∪ bj ) ∩ j |>r(j )
while by the condition that U and then A belong toFB it follows
|A ∩ j |r(j ).
By Lemma 1 and Proposition 1 we have
|A ∩ j | = r(j )
and
|(A ∪ bj ) ∩ j | = r(j ) + 1.
Denote by  the set cl(1 ∪ 2 ∪ · · · ∪ s); because 1 ∪ 2 ∪ · · · ∪ s is saturated, also  is saturated. Thus,
|A ∩ |r(),
while
|{A ∪ bj } ∩ |>r().
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Then by Lemma 1 and Proposition 1 we have that
|A ∩ | = r(), |(A ∪ bj ) ∩ | = r() + 1
and
|(A ∪ {b1, . . . , bs}) ∩ | = r() + s.
Thus,
|((A ∪ {b1, . . . , bs})\{A\V }) ∩ | = |((A ∪ {b1, . . . , bs}) ∩ )\{A\V }|
r() + s − (s − 1) = r() + 1.
As
A ∪ {b1, . . . , bs}\{A\V } = V
we obtain the relation
|V ∩ |>r(),
which is impossible by the condition that V belongs toFB . 
A consequence is that, by Theorem 1,H turns out to be the collection of bases of a matroid, which clearly coincides
with MB .
3. Matroids isomorphic to base-matroids
In this section we are considering the problem of characterizing a rank-n matroid M isomorphic to MB for every
base B of M. In [4], it is proved that this condition is equivalent to say that for every circuit C, there exists a closed
B-saturated set , such that
| ∩ C|>r().
It implies that = cl(C) and r() = |C| − 1. Because  is saturated with respect to B, then
|cl(C) ∩ B| = |C| − 1.
Note that for every matroid M on E, the set E turns out to be B-saturated for every base B. This implies that, when M
is uniform, every circuit C satisﬁes the inequality
|E ∩ C|>r(E)
and C is dependent in MB . As proved in [4] this remark implies the following
Proposition 2. Let M be a uniform matroid. Then M  MB for every base B of M.
Recall that a matroid M on a ground set E, whose family of independent sets is F, is direct sum of the matroids
M1,M2, . . . ,Ms on disjoint sets E1, E2, . . . , Es , respectively, when E1, E2, . . . , Es is a partition of E andF= {I1 ∪
· · · ∪ Is : Ii ∈F (Mi), 1 is}, whereF (Mi) is the family of independent sets of Mi .
Lemma 2. Let M be a rank-n matroid on E such that every circuit has cardinality n+ 1. Then every (n+ 1)-subset of
E is a circuit and M is uniform.
Proof. An (n + 1)-subset of E, say A, is either independent or dependent. It cannot be independent by the assumption
on the rank of M. Thus, has to be dependent. Then it contains a circuit which coincides with A because of its cardinality.
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Proposition 3. Let M be a rank-n matroid, which is not direct sum of t2 matroids, on a ground set E. Then M is
isomorphic to MB for every base B of M, if and only if M is uniform.
Proof. We have only to prove the necessary condition. Let M be a matroid of rank n, isomorphic to the base-matroid
MB , for every base B of M, not direct sum of t2 matroids.
Our aim is to prove that M is uniform, condition which, by Lemma 2, is equivalent to the property that every possible
circuit has cardinality n + 1.
If M does not contain circuits, then every subset of E is independent and M coincides with the uniform matroid Un,n.
Thus, let us assume that M contains circuits and in particular there exists a circuit C having cardinality s <n + 1.
We have two cases to consider depending on the existence of another circuit having nonempty intersection with C and
not contained in cl(C).
Let us assume such a circuit, say H , exists.
Let e ∈ C ∩ H ; it is well known that C ∪ H\e contains at least one circuit. Denote by R1, R2, having cardinalities
|R1| = r1 and |R2| = r2, the collections of circuits of C ∪ H\e contained or not contained in cl(C), respectively. In
correspondence of every circuit of R1 and R2 we determine an element of the intersection of this circuit with C and
denote by Q the set of these elements.
This implies that the set
D = C ∪ H\({e} ∪ Q)
is independent and has the same rank as C ∪ H . Then D is either a base or can be extended to a base, say B, of M .
The assumption that MMB implies that C is also a circuit of MB . Then there exists a B-saturated closed set  such
that
|C ∩ |>r().
In [4] we proved that  coincides with cl(C); moreover, the condition that  is B-saturated implies
|cl(C) ∩ B| = s − 1.
Note that by the condition that H is not contained in cl(C), then R2 contains at least one circuit and r21. Moreover,
if a circuit of R1 is obtained by adding one element x of H to C, then x belongs to cl(C). Denote by s′, where s′r1
the number of similar edges of H. Thus,
|cl(C) ∩ B| = s − 1 − (r1 − s′) − r2,
where r21 and r1 − s′0; then s − 1 − r1 + s′ − r2s − 2 a contradiction with respect to the above relation.
Now, let us assume that there is not a circuit, distinct from C and not contained in the closure of C, having nonempty
intersection with C. Let E1 be the set of elements of cl(C) and E2 = E\E1. Then M|E1, the restriction of M to E1 is
a connected component of M and M is direct sum of M|E1 and M|E2, again a contradiction to the assumption.
The consequence is that s has to be equal to n + 1 and, by Lemma 2, M is uniform. 
Theorem 3. Let M be a matroid on a ground set E. Then M is isomorphic to MB , for every base B, if and only if M is
either uniform or direct sum of uniform matroids.
Proof. If M is uniform, the result follows from Proposition 2.
Let M be direct sum of uniform matroids M1,M2, . . . ,Ms on E1, E2, . . . , Es , respectively, where such sets form
a partition of E. A base B of M is the union of disjoint sets B1, B2, . . . , Bs , where each Bi , 1 is is a base of Mi .
Then by the above Proposition Mi is isomorphic on (Mi)Bi and therefore M is isomorphic to MB .
Conversely, let us assume MMB , for every base B of M. If M is not direct sum of s2 matroids, from Proposition
3 it follows that M is uniform.
Otherwise let M be direct sum of M1,M2, . . . ,Ms on E1, E2, . . . , Es . A base B of M is the union of disjoint bases
B1, B2, . . . , Bs , where every Bi is a base of Mi , 1 is. Then Mi(Mi)Bi ; by Proposition 3, Mi is uniform and M
is direct sum of uniform matroids. 
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As an example of the previous characterization we may consider the matroid associated with the graph G= (V ,E),
where V = (1, 2, 3, 4), E = {a = 12, b = 23, c = 34, d = 42}. The bases of M(G) are B = {abc}, B∗ = {acd} and
B ′ = {a, b, d} .
In relation to the base B we have B = {a, b, c, ab, ac, bcd, abcd},FB coincides with the collection of subsets of
E but the sets {b, c, d}, {a, b, c, d}.
Thus, it is isomorphic to the collection of subgraphs of G which are forests. This implies M(G)  MB . Moreover,
MB  MB∗ and MB  MB ′ where the isomorphisms are given by the permutation which exchanges b by d in the ﬁrst
case and c and d in the second one.
An example of a matroid not isomorphic to every base matroid is given by the graphic matroid M(H), where
H = (V ,E′) is the graph whose set of vertices coincides with V and the set of edges E′ is obtained from E by adding
the edge e= 14. Then we may consider as base the same set B ={a, b, c}; thus B ={a, b, c, ab, ac, bcd, abcde} and
FB coincides with the collection of all the subsets of E′ but the sets {bcd}, {abce}, {abcde}.
However, the collection of independent sets of M(H) contains the set {ade}. Indeed the set S = {ade}, which
corresponds to a cycle in H, satisﬁes the condition:
|S ∩ |r()
for every  ∈ B . This implies that S ∈FB and M(H) is not isomorphic to M(H)B .
4. Lattice of closed saturated sets
Let M be a matroid on a set E, having rank n, and B one of its bases. Assume that M is simple that is cl(∅) = ∅ and
cl({a}) = {a}, ∀a ∈ E. Let X ⊆ E; we denote by sc(X) and call B-saturated closed set generated by X the minimum
B-saturated closed set which contains X.
Moreover, denote byS(M)B or simplySB the partially ordered set whose elements are the closed B-saturated sets
of M, ordered by inclusion. Recall that a set P of B is deﬁned as cl(P ∩B); thus, P is characterized by the set P ∩B,
called the skeleton of P [2] .
Clearly,SB is ﬁnite with a least element sc(∅) = ∅ and a maximum element E.
The atoms are the elements of B.
Let |B| = n and Bn the boolean lattice of subsets of an n-set, ordered by inclusion; denote by∨,∧ the join and the
meet in Bn.
Lemma 3. If P,Q ∈ B , then
sc(P ∪ Q) ∩ B = (P ∩ B) ∪ (Q ∩ B).
Proof. It is known that P ∪Q is saturated with respect to B; then sc(P ∪Q) = cl(P ∪Q); in other words sc(P ∪Q)
is obtained by adding to P ∪ Q every other element which does not increase its rank and therefore does not belong to
B. Thus, sc(P ∪ Q) ∩ B = (P ∪ Q) ∩ B and the result follows. 
Proposition 4. Under the inclusion orderingSB is a lattice, isomorphic to Bn.
Proof. From the deﬁnition it follows that the intersection of two B-saturated closed sets is again B-saturated closed,
while their union is saturated, but not in general closed. Thus, any two elements P,Q ∈SB have a meet P ∧Q and a
join P ∨ Q given by
P ∧ Q = P ∩ Q
and
P ∨ Q = sc(P ∪ Q),
respectively.
F. Mafﬁoli, N. Zagaglia Salvi / Discrete Applied Mathematics 154 (2006) 1401–1407 1407
Note that P ∨ Q is well deﬁned because E ∈ SB ; moreover, if P,Q ⊆ B then P ∨ Q = P ∪ Q. We prove the
application  :S(M)B → Bn, given by
(P ) = P ∩ B,
where P ∈SB, is indeed an isomorphism.
The function  is clearly bijective because P is characterized by its skeleton. Moreover , given P,Q ∈SB it is
(P ∧ Q) = (P ∩ Q) = (P ∩ Q) ∩ B = (P ∩ B) ∩ (Q ∩ B)
=(P ) ∩ (Q) = (P )
∧
(Q)
and
(P ∨ Q) = (sc(P ∪ Q)) = sc(P ∪ Q) ∩ B
which, by Lemma 3, coincides with
(P ∪ Q) ∩ B = (P ∩ B) ∪ (Q ∩ B) = (P ) ∪ (Q) = (P )
∨
(Q).
Because  is a bijection which preserves ∨ and ∧, it is an isomorphism. 
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